M ethodology of the M onthly Index of Services

Annex B: The Holt-Winters Forecasting Method

Single Exponential Smoothing

Thisis the simplest form of exponential smoothing and can be used only for data without any
systematic trend or seasonal components. Given such a time series, a sensible approach is to
take a weighted average of past values. So for a series, yi, Yo,..., Yn, the estimate of the value
of Yn+1, given the information available up to time n, is:

yn+]jn = WOyn + VV]_yn.]_ + Wzyn_z +.....

¥
or 9n+]jn = é. W Yn i
i=0

where w; are the weights given to the past values of the series and sum to one. Since the most
recent observations of the series are aso the most relevant, it is logical that they should be
given more weight at the expense of observations further in the past. This is achieved by
assigning geometrically declining weights to the series. These decrease by a constant ratio
and are of the form:

w =a(l-a)

where i=0, 1, 2,... and a is the smoothing constant in the range 0 < a < 1. For example, if a
is set to 0.5, the weights will be:

wo=0.5
w; =0.25
w, =0.125 andsoon.

It can be seen that weights taking this form will sum to ~1 for all values of a in the above
range. The equation for the estimate of y,+1 then becomes:

Vougo =aY, +a(l-a)y,, +a(l- a)’y,, +..
Since;

9n+1|n :ayn +(1- a)(ayn-l +a(1_ a')yn-2 +)
it can be seen that:

S\/n+]jn =ay, + (l' a)9n|n.1

where 9n|n_ , issimply the previous estimate.



This equation defines exponential smoothing and is extremely useful since we can now
update each forecast using only two pieces of data: the latest observation; and the previous
forecast. It can aso be written in the aternative error correction form as follows:

yn+:lln =ae, + yn|n—1

where e, =y, - V., and isthe one step ahead prediction error.

nn-1
The final matter with which to dea is the value of a, the smoothing constant. This will

depend on the characteristics of the particular time series, especialy the irregularity of the
data. A high value of a will lead to the mgjority of the weight being placed on the most
recent observations whereas a low value of a will mean that observations further in the past
will gain more importance. A value of a = 1 will obvioudy make the forecast equal to the
final value of the series. The smoothing constant is commonly set between 0.05 and 0.3,
although it is possible to estimate a by minimising the sum of squared prediction errors.

This can be done by calculating:
ael

for values of a between 0 and 1 (say in steps of 0.1), where e; is the one step ahead prediction
error as stated above. By doing thisit is possible to obtain, to the nearest tenth, the value of a
which minimises the sum of squared errors. Steps of 0.01 can then be taken around this value
to minimise the sum of squares further. Accuracy at this point is not particularly important as
the sum of squares function tends to be quite flat near the minimum.

Holt’s Method

The next step involves introducing a term to take into account the possibility of a series
exhibiting some form of trend, whether constant or non-constant. In single exponential
smoothing, the forecast function is smply the latest estimate of the level. If a dope
component is now added which itself is updated by exponential smoothing, the trend can be
taken into account.

For aseries yi, ¥o,..., Yn, the forecast function, which gives an estimate of the series | steps
ahead can be written as:

Jpupe =M +1b, I=1,2, ...

where my,, is the current level and b, is the current dope. Therefore, the one step ahead
prediction is ssimply given by:

yt/t-l = rnt-l +bt-l

Since there are now two terms to the exponential smoothing, two separate smoothing
constants are required, ao for the level and a; for the dope. As in single exponentia

smoothing, the updated estimate of the level m, is alinear combination of 9*_ and



m =a,y, +(1-a,)(m_,+h ;) O<acx<l1l

This provides the level at time, t. Since the level at timet-1 is dready known, it is possible to
update the estimate of the slope:

bt :a1(mt - m_1)+(1- al)h-l
These equations can also be written in the appropriate error correction form:

rnl = m—l +bt—1 +a0et

b =h,+aa,e
This method, known as Holt's method, requires starting values for my and b; to be inputted,
and estimates of the values for ap and a; to be made. It would be typica to find
0.02<ap,a1<0.2, but they can be estimated by minimising the sum of squared errors as in
single exponential smoothing. Also, it is often found that m;=y;, and by=y,-y; are reasonable
starting values.
Holt-Winters For ecasting
Holt’'s method can be extended to deal with time series which contain both trend and seasonal
variations. The Holt-Winters method has two versions, additive and multiplicative, the use of
which depends on the characteristics of the particular time series. The latter will be
considered first.
The general forecast function for the multiplicative Holt-Winters method is:
=1, 2, ...

9n+||n = (mn +|bn)C

n- s+l

where m, is the component of level, by, is the component of the dope, and cn.s: IS the relevant
seasonal component, with s signifying the seasonal period (e.g. 4 for quarterly data and 12 for
monthly data.)

Therefore if a monthly time series is considered, the one step ahead forecast is given by:
9n+1|r| = (mﬂ + bn)Cn-ll
The updating formulae for the three components will each require a smoothing constant. 1f

once again ag Is used as the parameter for the level and a1 for the slope, and a third constant
a», is added as the smoothing constant for the seasonal factor, the updating equations will be:

m =a, 2+ (- a,)m, +b,,)

t-s



b, =a,(m - m.)+{-a,)h.,
Ct:a yt +(l az)C

Once again, ao, a1, and a al lie between zero and one. If the aforementioned additive
version of Holt-Winters was used, the seasona factor is smply added as opposed to
multiplied into the one step ahead forecast function, thus:

A

yn+]jn = mn +bn +Cn-1l

and the level and seasonal updating equations involve differences as opposed to ratios:
m =ay(y, - G.o)+(1-ap)(m. +b.,)
a,(y,- m)+(@-a,)c.,
The slope component, by, remains unchanged.
The choice of starting values and smoothing parameters is of some importance and Chatfield

and Yar (1988) discuss this in some depth. For starting values, it seems sensible to set the
level component my, equal to the average observation in the first year, i.e.

M =8 /s

t=1

where s is the number of seasons. The starting value for the slope component can be taken
from the average difference per time period between the first and second year averages. That
is:

SD%

N

U8 U
yt/s%”g s%

Finally, the seasonal index starting value can be calculated after allowing for a trend
adjustment, as follows:

{y, - (k- Dh,/2}
m,

t

'u

C, = (multiplicative)

Co = ¥y - {my + (k- Db, /2} (additive)

where k=1, 2, ..., s. Obvioudy this will lead to s separate values for ¢, which is what is
required to gain the initial seasonal pattern.



The smoothing parameters are often selected between 0.02 and 0.2. It is again possible to
estimate them by minimising the sum of the squared one-step-ahead errors, but there is no
exclusive combination of ag,a1, and a which will minimise the square errors for al t.

Correction for Autocorrelation of Residuals

When the correction for autocorrelation of residuals is included, the Holt-Winters forecast
function then becomes:

& — |
yn+||n _(mn + Ibn)cn—s+l +r1 €,

(Multiplicative)

N |

yn+l|n = Irnn + bn + Cn-s.+| + rl en

(Additive)

en is the one step ahead forecast error and rq is the first order autocorrelation coefficient of
the forecast errors, given by:

_ a enen 1
rl - o 2
a6,
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